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Abstract: A. L.Foster and Alfred L.Foster introduced “Boolean-like rings” as generalizations of
Boolean rings, and this concept was extended to “Boolean-like near-rings” by researchers like
Clay, James.R and Lawver, Donald. In this paper, we have established conditions under which
pseudo-commutative Boolean-like near-rings exhibit properties such as idempotency, distributive
behaviour, and reduced ideal structures. Pseudo-commutativity is shown to impose significant
constraints on the multiplication structure, leading to results analogous to those obtained under
full commutativity. We defined the equivalence relation N on RXS by (71, s1) ~ (72, sl) if there
exists an element s € S such that s(rls2 — 72s1) = 0. The study demonstrates that pseudo-
commutativity serves as an effective substitute for commutativity in deriving key structural results,
thereby broadening the scope of Boolean-like near-ring theory and offering new directions for
further research.

Keywords: Near-ring, Boolean-like Near Ring, Pseudo Commutativity, Distributivity, Reduced,
Nilpotent, Idempotent.

INTRODUCTION

Boolean rings, characterized by the idempotency condition x? = x for all elements x, form a
fundamental class in ring theory with deep connections to Boolean algebras and logic. The
concept was generalized by A.L [1]. Foster to Boolean-like rings, which relax certain
commutativity and distributivity assumptions while preserving key algebraic features. This
notion was further extended to the setting of near-rings by Clay and Lawver [2][3], giving rise
to Boolean-like near-rings. In this paper, we investigate the algebraic implications of Boolean-
like near-rings under the weaker condition of pseudo-commutativity instead of full
commutativity [4].

Pseudo-commutativity, defined by the relation xyz = zyx for all x,y,z € N, imposes
significant structural constraints on the multiplication operation [5]. We establish several
important results concerning idempotency, distributivity, reducedness, and ideal structures,
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demonstrating that pseudo-commutativity serves as an effective substitute for ordinary
commutativity in deriving key properties analogous to those known in the commutative case
[6]. This approach not only broadens the scope of Boolean-like near-ring theory but also opens
new avenues for exploring non-commutative generalizations in near-ring structures.

PRELIMINARIES

Definition 1.1
A (right)Near ring is a set N together with two binary operations “+” and *“.” such that

a) (N,*t)is a group (not necessarily abelian),
b) (N,.) is a semigroup
¢) (ni+ n2n3=nin3 + nons, for all ni,n2,n3 in N (right distributive law)

Definition 1.2

An element a in G is said to be an idempotent element if a*> = a and the set of all idempotents
is denoted by E.

Definition 1.3
A near ring R is said to be zero commutative if ab = 0 implies ba = 0, for all a,b in R.
Definition 1.4

N is said to fulfil the Insertion of Factors Property (IFP) if ab =0 = anb =0 for all a, b, n in
N. If in addition ab =0 = ba =0 for a, b € N, we say N has (*,IFP).

Definition 1.5

An N — subgroup A of N is essential if A N B = {0}, where B is any N subgroup of N implies
B = {0}.

Definition 1.6

A near ring N is said to be pseudo commutative near ring if xyz = zyx,Vx, y, z € N.
Definition 1.7

A near ring N is called Boolean if x 2 = x for all x € N.

Definition 1.8

A right near-ring (N, +,°) is called a Boolean-like near ring if

(1) 2a=0V a € N and
(i1) (a+b—ab)y=abVa,beN

Definition 1.9

An element d € N is said to be distributive if for all m, n € N, d(m + n) = dm + dn. We denote
Na = {d € N|d is distributive}.
Definition 1.10

The function f: R — R’ is said to be a homomorphism if:

(i) fa+b) = f(a) + f(b)
(ii) f(ab) = f(a) f(b), for all a,b in R
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Proposition 1.11
Let N be a near ring.

a) N is abelian and N is commutative if and only if N is a commutative ring.
b) N is abelian and N is distributive if and only if N is a ring.
¢) N?=Nand N is distributive implies that N is a ring.

Theorem 1.12

1) If I is an ideal of N, then the canonical mapping f: N — N\I (defined by f(n) = (n+ 1)) is a
near ring epimorphism [7-10]. Also, N\I is a homomorphic image of N.

ii) Conversely, if h: N = N! is an epimorphism, then ker(h) is an ideal of N, and N \ ker(h) is
isomorphic to N! [11-12].

Definition 1.13

N is said to be subcommutative, if aN = Na for all a e N

Theorem 1.14

If N is a Boolean (left) near — ring, then for any a,b € N, ab =0 =>ba = 0.a.

MAIN RESULTS
Theorem 3.1

Let N be a Boolean-like near ring with P4 property. If N is pseudo commutative near ring, then
X%y + xy? = yx + (yx)?, for all x,y,z in N [13].

Proof:

Given: N is Boolean — like near ring

N has P4 property

(i.e.) abe I = bael, where I is an ideal of N ---(1)
N is pseudo commutative

(i.e.) xyz = zyx, for all x,y,z in N ----(2)

Consider, X2y + Xy2 = XXy + Xyy
= yxx +yyx (By (2))
=(yx tyy) x
=(yx+y)x
=(x+y)yx (By (1))
=(xty—-yxtyx)yx
=(x +y-—yx)+(yx)’
=yx + (yx)* (By (1))

Hence, Proved.

Theorem 3. 2

Let N be a strongly regular Boolean-like near-ring with P, property.

If Nis a distributive pseudo-commutative Boolean near-ring, then (x + x2)(y + y?)z =
z(y + xy),Vx,y,z €N.

Proof:
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Given: N is a strongly regular near-ring.

Consider (x + x2)(y + y9)z = [y(x + x?) + y2(x + x?)]z
=y(x+x3)z+y*(x +x?)z
= z(x + x?)y + z(x + x?)y?[since N is pseudo commutative]

z[(x + x?)y + (x + x?)y?][since N is distributive]

z[xy + X2y + xy? + x%y?]

= z[xy + x?y + xyy + x?y?]

= z[xy + X%y + y + x%y?]

=z[yx + (yx)2 +y+ x2y2] [By theorem 3.1]
= z[yx + yx + y + x?y?]

z[xy +y + xy]

[

z[0 +y + xy][By (2)]
zly + xy]
Hence, proved.

Theorem 3.3

Let N be a Boolean-like near-ring with P4 property. If N is a distributive pseudo-commutative
near-ring, then (x — x?) (y —y?) z= 0, for every x,y,z in N [14].

Proof:

Let N be a Boolean-like near-ring. Let x,y,z € N
Consider, (x —x*)(y —y*)z = [x(y —y*) = x*(y — y*)]z
=x(y—yHz—x*(y —y*)z
=z(y — y?)x — z(y — y?)x?[+ N-pseudo commutative]
z[(y —yH)x — (v — yH)x’]
z[yx — y*x — yx? + y*x?]
= z[yx — (y*x + yx*) + y*x*
z[yx — (yx + (yx)?) + y?x?][By theorem 3.1]
= z[yx — yx — y*x® + y?x?]
= z - 0[+ N-Boolean]
=0
= —x*)(y—y*)z=0

Remark — 3.4

The relation of theorem 3.1 becomes zero if Boolean property holds.

Proof:

W.K.T, x%y + xy? = yx + (y — x)?
=yx+yx
= 2yx
=0

Theorem 3.5

Let N be a Boolean-like near-ring with pseudo commutativity. Let R be a commutative subset
of N which is multiplicatively closed. Define a relation ~ on N X R by (k{,17) ~
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(k,, 1) < there exists r € R such that r (k;1, — k,1y) = 0, where k4, k, € N. Then ~ is an

equivalence relation.

Proof:

Let N be a Boolean-like near-ring.
Since N is pseudo-commutative,

xyz = zyx,Vx,y,zZ € N — —(1)

Let R be a commutative subset of Nwith multiplicatively closed property.

Define a relation ~on N X R by (kq,17) ~ (ky,13)

< thereexistsr € R
= T(klrz - erl) - O

(1) To prove: ~ is reflexive

Let (k,7) € N X R.

Since,kr — kr = 0, we get t (ns — ns) =0, for every tin R.
So, ~ is reflexive.

(i1) To prove: ~is symmetric

Let (ky, 1) ~ (k2 732)
Then, there exists an element r € R such that

r(kiry —korp) =0

= r(k,ry — ki) =0
(ko 1p) ~ (ky,11).

So, ~ is symmetric.

(ii1) To prove: ~ is transitive

Let (ky,71) ~ (k2,73) and (ky,12) ~ (k3,73)
Then3dn,s ER

= n(kir2 — kor1) = 0 & s(kers — kar2) =0

= n(kirz — ker)rs = 13.0 = 0 & s(kers — ksr2)ri =11.0 =0
= n(kirars — korirs) = 0 & s(karsri — kareri) = 0

= sn(kirars — korirs) = 0 & ns(kersri — kasrer) = 0

= ns(kirars — Karirs + Korsri — karar) = 0

= ns(kirars — ksrar1) =0

= rans(kirs — ksr1) =0

= m(kirs — ksr1) = 0, where m = r2ns € R

“ (ki, 1) ~ (ks, 13)

- ~ 1s transitive

~ ~ 1s an equivalence relation.
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Theorem 3.6

Let N be a Boolean-like near-ring with pseudo commutativity. Let B be a commutative subset
of Nwhich is multiplicatively closed. If 0 € B and N has no zero divisors, then (nq,b;) ~
(nz, by) & nyb; = nyb;.

Proof:
Let N be a Boolean-like near-ring with pseudo commutativity.
Let B be a commutative subset in Nwith multiplicative closure property.

= Given (ny, b1) ~ (ny, by)

Then, for an element b € B, b(nyb, — n,b;) = 0(by theorem 3.5)
Since 0 € B and N has no zero divisors, we have n;b, — n,b; =0
= n b, =nyb;

Conversely, let n b, = n,b,
Then, nyb, —ny,b; =0

= (nyb, —nyb;)b =0,Vb €B
“ (ng, by) ~ (ny, by)

Lemma 3.7

Let N be a Boolean-like near-ring with pseudo commutativity. Let T be a commutative subset
of N which is multiplicatively closed. Then,
™m ns sn

H—==2=Z=ZvneN,VsteT
t st ts st

1A
(ii)"Tt = nt—t,,Vn €N, Vtt €T
.ttt ,
(ii1) o= ?,Vt,t eET
Proof:
Obvious.

CONCLUSION

In this paper, we have successfully demonstrated that pseudo-commutativity acts as a powerful
and natural substitute for full commutativity in the study of Boolean-like near-rings. By
imposing the condition xyz = zyx, several significant structural results have been obtained,
including simplified identities involving idempotents, conditions for distributivity, zero-
product behaviors, and the construction of an equivalence relation on Cartesian products that
behaves well under the given algebraic constraints. The presence of the P4 property together
with pseudo-commutativity further strengthens the analogy with commutative Boolean-like
structures, leading to reduced ideal structures and nilpotency control. These findings highlight
that many classical results in Boolean-like near-ring theory remain valid under this milder
commutativity assumption, thereby significantly enlarging the class of near-rings to which such
results apply. The study paves the way for further investigations into pseudo-commutative
near-rings and their potential applications in generalized algebraic systems, offering a
promising direction for future research in non-commutative near-ring theory.
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